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INTRODUCTION 
 

Generalized closed sets in general topology were studied by Levine (Levine, 1970). After the introduction of the concept of fuzzy 
sets by Zadeh (Zadeh, 1965) several researches were conducted on the generalizations of the notion of the fuzzy set. In the 
traditional fuzzy sets, the membership degree of element range over the interval [0, 1]. There are several kinds of fuzzy set 
extensions in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval-valued fuzzy sets, vague sets etc. Bipolar-valued 
fuzzy sets, which was introduced by Lee(9, 10) is an extension of fuzzy sets whose membership degree range is enlarged from the 
interval [0, 1] to [-1, 1]. The notion of vague set theory introduced by Gau W.L and Buehrer D.J (Gau, 1993), as a generalization of 
Zadeh’s fuzzy set. 
 

The objective of this paper is to introduce the concept of bipolar vague generalized closed set. 
 

2. PRELIMINARIES 
 

Definition 2.1(Lee, 2000): Let X  be the universe. Then a bipolar valued fuzzy sets, A  on X  is defined by positive membership 

function

A , that is ]1,0[:  XA , and a negative membership function


A , that is ]0,1[:  XA . For the sake of 

simplicity, we shall use the symbol }:)(),(,{ XxxxxA AA    . 
 

Definition 2.2(Lee, 2000): Let  A  and B be two bipolar valued fuzzy sets then their union, intersection and complement are 
defined as follows: 
 

)}(),(max{)()( xxxi BABA


  
. 

)}(),(min{)()( xxxii BABA


  
 

)}(),(min{)()( xxxiii BABA


  
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)}(),(max{)()( xxxiv BABA


    

)(1)()(1)()( xxandxxv AAAA

   for all Xx . 

 

Definition 2.3(7): A vague set A  in the universe of discourse U is a pair ),( AA ft where ]1,0[: UtA , ]1,0[: Uf A are 

the mapping such that 1 AA ft for all Uu .The function At  and Af  are called true membership function and false 

membership function respectively. The interval ]1,[ AA ft   is called the vague value of u  in A , and denoted by )(uvA , i.e

)](1),([)( ufutuv AA  . 

 

Definition 2.4(Gau, 1993): Let A be a non-empty set and the vague set A  and B in the form

}:)(1),(,{ XxxfxtxA AA  , }:)(1),(,{ XxxfxtxB BB  .  

 
Then 
 

BAi )( if and only if  )()( xtxt BA  and )(1)(1 xfxf BA   

}/))(1),(1max()),(),(max({)( XxxfxfxtxtBAii BABA  . 

}/))(1),(1min()),(),(min({)( XxxfxfxtxtBAii BABA  . 

}:)(1),(,{)( XxxtxfxAiv AA  . 

 

Definition 2.5(Arockiarani, 2016): Let X  be the universe of discourse. A bipolar-valued vague set A  in X is an object having 

the form }:)](),(1[)],(1),([,{ XxxtxfxfxtxA AAAA  
 where ]1,0[:]1,[   Xft AA and 

]0,1[:],1[   Xtf AA are the mapping such that 1 
AA ft and 

  AA ft1 . The positive membership degree 

)](1),([ xfxt AA
  denotes the satisfaction region of an element x  to the property corresponding to a bipolar-valued set  A  and 

the negative membership degree )](),(1[ xtxf AA
  denotes the satisfaction region of  x  to some implicit counter property of 

A . For a sake of simplicity, we shall use the notion of bipolar vague set ]1,[   AAA ftv  
and ],1[   AAA tfv . 

 

Definition 2.6(4): A bipolar vague set ],[  AA vvA  of a set U with 0
Av  implies that 01,0  

AA ft  and 0
Av  

implies that 01,0  
AA ft  for all Ux is called zero bipolar vague set and it is denoted by 0 . 

 

Definition 2.7(4): A bipolar vague set ],[  AA vvA  of a set U with 1
Av  implies that 11,1  

AA ft  and 1
Av  

implies that 11,1  
AA ft  for all Ux is called unit bipolar vague set and it is denoted by 1. 

 
 

3. BIPOLAR VAGUE TOPOLOGICAL SPACE 
 

Definition 3.1: Let 








 ],1][1,[, AtAfAfAtxA and 








 ],1[]1,[, BtBfBfBtxB be two bipolar vague sets then 

their union, intersection and complement are defined as follows: 
 

   1. }/)])(),(1[)],(1),([,{( XxxtxfxfxtxBA BABABABA  









  

where 

                  })(),(min{)(},)(),(max{)( xtxtxtxtxtxt BABABABA





  and 

                  )}(1),(1max{)(1 xfxfxf BABA


  , 

               )}(1),(1min{)(1 xfxfxf BABA


  . 
 

   2. }/)])(),(1[)],(1),([,{( XxxtxfxfxtxBA BABABABA  









 where 

                })(),(max{)(},)(),(min{)( xtxtxtxtxtxt BABABABA





  and 

                )}(1),(1min{)(1 xfxfxf BABA


  , 

             )}(1),(1max{)(1 xfxfxf BABA


  . 

3. }/)])(),(1[)],(1),([,{( XxxfxtxtxfxA AAAA  
 for all Xx . 
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Definition 3.2: Let A and B  be two bipolar vague sets defined over a universe of discourse X . We say that BA if and only 

if )(1)(1),()( xfxfxtxt BABA
  and )()( xtxt BA

  , )(1)(1 xfxf BA
  for all Xx . 

 

Definition 3.3: A bipolar vague topology BVT on a nonempty set X is a family BV  of bipolar vague set in X satisfying the 

following axioms 
 

BV1,0.1  

BVGG  21.2 , for any BVGG 21 ,  

BVGi.3 , for any arbitrary family },:{ IiBVGG ii   .  

 

In this case the pair ),( BVX  is called a bipolar vague topological space and any BVS in BV  is known as bipolar vague open 

set in X . The complement A  of a bipolar vague open set (BVOS) A in a bipolar vague topological space ),( BVX  is called a 

bipolar vague closed (BVCS) in X . 
 
Example 3.4: Let




 








]3.0,6.0[]8.0,6.0[
,

]5.0,6.0[]6.0,4.0[
,},,{

ba
xAbaX

, 

 




 








]2.0,6.0[]7.0,4.0[
,

]4.0,6.0[]4.0,2.0[
,

ba
xB , 




 








]5.0,7.0[]9.0,7.0[
,

]5.0,7.0[]6.0,5.0[
,

ba
xC

. 

 

Then the family BV  = },,,1,0{ CBA of bipolar vague sets in X is a BVT on X . 

 

Definition 3.5: Let ),( BVX  be a bipolar vague topological space and   ],1[]1,[, AAAA tfftxA be a BVS in X . 

Then the bipolar vague interior and bipolar vague closure of A are defined by, 
 

},:{)( KAandXinBVCSaisKKABvcl   

}:{)int( AGandXinBVOSaisGGABv   

 

Note that )(Abvcl  is a BVCS and )int(Abv  is a BVOS in X . Further, 

 

  1. A is a BVCS in X iff AABvcl )( , 

  2. A is a BVOS in X iff AABv )int(  

 

Example 3.6: Let X },,{ cba ,  

 




 








]5.0,7.0][6.0,5.0[
,

]3.0,4.0][7.0,3.0[
,

]4.0,5.0][6.0,4.0[
,

cba
xA  




 








]6.0,8.0][9.0,6.0[
,

]4.0,5.0][8.0,6.0[
,

]5.0,6.0][7.0,5.0[
,

cba
xB  

 

Then the family },,1,0{ BABV  of a bipolar vague sets in X is a BVT on X . 

 

If  


 








]5.0,7.0][7.0,5.0[
,

]2.0,4.0][5.0,4.0[
,

]4.0,6.0][4.0,2.0[
,

cba
xF then 

 

0}:{)int(  FGandXinBVOSaisGGFBv , and  

1}:{)(  KFandXinBVCSaisKKFBvcl . 

 

Proposition 3.7: For any BVS A  in ),( BVX  we have  
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)int()(.1 ABvABvcl  . 

)()int(.2 ABvclABv  . 

Proof: 
 

 Let   ],1[],1,[, AAAA tfftxA and suppose that sBVOS ' contained in A  are indexed by the family 

}:],1[],1,[,{ Jitfftx
iiii GGGG  

.Then,   ],1[],1,[,)int(
iiii GGGG tfftxABv and hence

  ],1[],1,[,)int(
iiii GGGG fttfxABv

……… (1)
  

 

Since   ],1[],1,[, AAAA fttfxA where 
  AGAG fftt

ii
11,  and ,,11   AGAG ttff

ii
for every 

Ji  we obtain that }:],1[],1,[,{ Jifttfx
iiii GGGG   is the family of sBVCS '  containing A , that is, 

  ],1[],1,[,)(
iiii GGGG fttfxABvcl

………………. (2)
 

 

Hence from (1) and (2) we get )int()( ABvABvcl  . 

 
(2)  Follows from (1). 
 

Proposition 3.8: Let ),( BVX  be a BVTS and A , B  be are BVS’s in X . Then the following properties hold: 

 

1) AABv )int(  

2) )(ABvclA  

3) )int()int( BBvABvBA   

4) )()( BBvclABvclBA   

5) )int())int(int( ABvABvBv   

6) )())(( ABvclABvclBvcl   

7) )int()int()int( BBvABvBABv   

8) )()()( BBvclABvclBABvcl   

9) 1)1int( Bv  

10) 0)0( Bvcl  

 

Definition 3.9: Let  ),( BVX  and ),( BVY  be two bipolar vague topological spaces and YX :  be a function. Then 

is said to be bipolar vague continuous iff the preimage of each bipolar vague open set in Y  is a bipolar vague open set in X . 
 

Proposition 3.10: Let A , }:{ JiAi  be a bipolar vague set in X , and B , }:{ KjB j   be a bipolar vague set in Y , and 

YX :  a function. Then  

 

  (a) ),()( 2121 AAAA    

  (b) )()( 2
1

1
1

21 BBBB     

(c)  )()( 11
ii BB    and )()( 11

ii BB    . 

 
Proof: Obvious 
 
Proposition 3.11: The following are equivalent to each other. 
 

  1. YX :  is bipolar vague continuous. 

  2. ))(int())int(( 11 BBvBBv     for each BVOS B in Y . 

  3. ))(())(( 11 BBvclBBvcl       for each BVOS B in Y . 
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Proof: )2()1(   Given YX :  is bipolar vague continuous. 

 

Then we have to show that  ))(1int())int((1 BBvBBv    for each BVOS B in Y . Let   ],1[],1,[, BBBB tfftyB  be a 

BVOS in Y  and Let }:],1][1,[,{)int( IitfftyBBv
iiii HHHH   , where 

  BHBH fftt
ii

11,  and

,,11   BHBH ttff
ii

for every Ii . By the definition of continuity ))int((1 BBv  is a bipolar vague open set in BV . 

Now,  
 

)}],1][1,[,({))int(( 11  

iiii HHHH tfftyBBv   

                        = )})](),1()][1(),([,{( 1111  

iiii HHHH tfftx   

                        = )}))](()),1(())][1(()),([(,{( 1111  

iiii HHHH tfftx   

                       ))(int( 1 BBv   . 
 

 

)1()2( 
 
Given ))(int())int(( 11 BBvBBv    , for each BVOS B in Y . Let   ],1[]1,[, BBBB tfftyB

be a BVOS in Y . We know that B is bipolar vague open in Y if and only if BBBv )int( and hence 

)())int(( 11 BBBv   . But according to our assumption )),(int())int(( 11 BBvBBv    therefore we get 

))(int()( 11 BBvB    . Hence )(int()( 11 BBvB    , i.e., )(1 B  is a BVS in X and this proves that   is a 

bipolar vague continuous . 
 

)3()1(   Given YX :  is bipolar vague continuous. 

 

Let   ],1[]1,[, BBBB tfftyB be a BVOS in Y .  

Let },:],1[],1,[,{)( IitfftyBBvcl
iiii KKKK  

 

where 
  BKBK fftt

ii
11,   

and ,,11   BKBK ttff
ii

for each Ii . Since   is a bipolar vague continuous iff the inverse image of each BVCS 

in Y is a BVCS in X , therefore ))((1 BBvcl  is a BVCS in X  Now, 

 

)}],1][1,[,({))(( 11  

iiii KKKK tfftyBBvcl   

                        = )})](),1()][1(),([,{( 1111  

iiii KKKK tfftx   

                        = )}))](()),1(())][1(()),([(,{( 1111  

iiii KKKK tfftx   

                       ))(( 1 BBvcl   . 

 

)1()3(  Given ))(())(( 11 BBvclBBvcl   , for each BVOS B in Y .Let   ],1[]1,[, BBBB tfftyB be a 

BVCS in Y . Since BBBvcl )( . But it is given that )),(())(( 11 BBvclBBvcl   hence )())(( 11 BBBvcl  

.Hence )(()( 11 BBvclB    , i.e., )(1 B  is a BVCS in X and this proves that   is a bipolar vague continuous . 

 
4. GENERALIZED BIPOLAR VAGUE CLOSED SETS 
 

Definition 4.1: Let ),( BVX  be a bipolar vague topological space. A bipolar vague set A  in ),( BVX  is said to be a 

generalized bipolar vague closed set if GABvcl )(  whenever GA and G is bipolar vague open. The complement of a 

generalized bipolar vague closed set is generalized bipolar vague open set. 
 

Definition 4.2: Let ),( BVX be a bipolar vague topological space and A be a bipolar vague set in X . Then the generalized 

bipolar vague closure )( shortforGBvcl and generalized bipolar vague interior )int( shortforGBv of A  are defined by, 

 

    1) },:{)( GAandXinsetclosedvaguebipolardgeneralizeaisGGAGBvcl   
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    2) }:{)int( GAandXinsetopenvaguebipolaredgeneralizaisGGAGB   

 
Remark 4.3: Every BVCS is generalized bipolar vague closed but not conversely. 
 

Example 4.4: Let X },{ ba and },1,0{ GBV  is a BVT on X  where 




 








]3.0,5.0][4.0,2.0[
,

]2.0,4.0][6.0,4.0[
,

ba
xG .Then bipolar vague set 

 




 








]2.0,5.0][8.0,5.0[
,

]2.0,3.0][6.0,5.0[
,

ba
xA is a generalized bipolar vague closed  but not BVC in X . 

 

Proposition 4.5: Let ),( BVX  be a bipolar vague topological space. If A  is a generalized bipolar vague closed set and 

),(ABvclBA  then B is a generalized bipolar vague closed set. 

 

Proof: Let G be a bipolar vague open set in ),( BVX , such that GB . Since ., GABA   Now A is a generalized 

bipolar vague closed set and .)( GABvcl   But ).()( ABvclBBvcl   Since .)(,)()( GBBvclGABvclBBvcl   

Hence, B  is a generalized bipolar closed set. 
 

Proposition 4.6: If A is a bipolar vague open set and generalized bipolar vague closed set in ),( BVX , then A  is a bipolar 

vague closed set in X . 
 
 

Proof: Let A is a bipolar vague open set in X . Since AA , by hypothesis .)( AABvcl  But from definition 

).(ABvclA Therefore AABvcl )( . Hence A is bipolar vague closed set in X . 

 

Proposition 4.7: Let ),( BVX be a bipolar vague topological space. A bipolar vague set A is a generalized vague open set if and 

only if )int(ABvB , whenever B is a bipolar vague closed set and AB  . 

 

Proof: Let A be a generalized bipolar vague open set and B be a bipolar vague closed set, such that AB . Now, 

BAAB   and A is a generalized bipolar vague closed set implies that .)( BABvcl   That is, )()( ABvclBB  . 

But )int()( ABvABvcl  . Thus, )int(ABvB
 

 

Conversely, suppose that A is a bipolar vague set, such that )int(ABvB , whenever B is a bipolar vague closed set and 

AB  . Let BA   whenever B is a bipolar vague open set. Now, ABBA  . Hence by assumption, )int(ABvB 

. That is, BABv )int( . But  ).()int( ABvclABv  Hence, BABvcl )( . That is, A is a generalized bipolar vague closed 

set. Therefore, A is a generalized bipolar vague open set. 
 

Proposition 4.8: If ABABv )int( and if A is a generalized bipolar vague open set then B is also a generalized bipolar 

vague open set. 
 

Proof:  Now, ).()int( ABvclABvBA  As A is a generalized bipolar vague open, A is generalized bipolar vague 

closed set. By proposition 4.5, B is a generalized bipolar vague closed set. That is, B is a generalized bipolar vague open set. 
 

Definition 4.9: Let ),( BVX  and ),( BVY  be any two bipolar vague topological spaces 

 

1. A map : ),( BVX  ),( BVY is said to be generalized bipolar vague continuous if the inverse image of every bipolar 

vague open set in ),( BVY is a generalized vague open set in ),( BVX . 
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2. A map : ),( BVX  ),( BVY is said to be generalized bipolar vague irresolute if the inverse image of every generalized 

bipolar vague open in ),( BVY is a generalized bipolar vague open set in ),( BVX . 

 

Proposition 4.10:  Let ),( BVX  and ),( BVY be any two bipolar vague topological spaces. Let : ),( BVX 

),( BVY  be a generalized bipolar vague continuous function mapping. Then for every bipolar vague set A  in X , 

))(())(( ABvclAGBvcl   . 

 

Proof: Let A  be a bipolar vague set in ),( BVX . Since ))(( ABvcl  is a bipolar vague closed set and   is a generalized 

bipolar vague continuous mapping, )))(((1 ABvcl  
is a generalized bipolar vague closed set and AABvcl  )))(((1  . 

Now, )))(((1)( ABvclAGBvcl   . Therefore, ))(())(( ABvclAGBvcl   . 

 

Proposition 4.11:  Let ),( BVX  and ),( BVY be any two bipolar vague topological spaces. Let    : ),( BVX 

),( BVY  be a generalized bipolar vague continuous mapping. Then for every bipolar vague set A  in Y ,

))(())(( 11 ABvclAGBvcl   . 

 

Proof: Let A  be a bipolar vague set in ),( BVY . Let )(1 AB  . Then, AAB   ))(()( 1 , By proposition 4.10, 

)))((()))((( 11 ABvclAGBvcl    . Thus, ))((1))(1( ABvclAGBvcl   . 

 

Proposition 4.12:  Let ),( BVX  and ),( BVY be any two bipolar vague topological spaces. If : ),( BVX  ),( BVY  

is a bipolar vague continuous mapping, then it is a generalized bipolar vague continuous mapping. 
 

Proof: Let  A  be a bipolar vague open set in ),( BVY . Since   is a bipolar vague continuous mapping, )(1 A is a bipolar 

vague open set in ),( BVX . Every bipolar vague open set is a generalized bipolar vague open set. Now, )(1 A  is a 

generalized bipolar vague open set in ),( BVX . Hence,  is a generalized bipolar vague continuous mapping. 

 
The converse of the above need not be true as shown in example 
 

Example 4.13: Let },{},,{ vuYbaX  and   



]4.0,7.0][5.0,2.0[

,
]3.0,6.0][7.0,4.0[

,
ba

xA , 





]3.0,5.0][7.0,4.0[

,
]2.0,6.0][7.0,5.0[

,
ba

yB .  

 

Then },1,0{ ABV  and },1,0{ BBV  are BVT on X and Y  respectively. Define a mapping : ),( BVX 

),( BVY by ua )(  an vb )( . Then 
 

is generalized bipolar vague continuous mapping but not bipolar vague 

continuous mapping. 
 

Proposition 4.14:  Let ),( BVX  and ),( BVY be any two bipolar vague topological spaces. If  : ),( BVX  ),( BVY  

is a generalized bipolar vague irresolute mapping, then it is a generalized bipolar vague continuous mapping. 
 

Proof: Let  A  be a bipolar vague open set in ),( BVY . Since every bipolar vague open is generalized bipolar vague open set in 

),( BVY , but   is a generalized bipolar vague irresolute mapping, )(1 A is a generalized bipolar vague open set in 

),( BVX . Hence,   is a generalized bipolar vague continuous mapping. 

 

Proposition 4.15: Let ),( BVX , ),( BVY and ),( BVZ be any three bipolar vague topological spaces. Let : ),( BVX

 ),( BVY  be a generalized bipolar vague irresolute mapping and ),(),(:1  BVZBVY  be a generalized bipolar 

vague continuous mapping. Then  1 is a generalized bipolar vague continuous mapping. 
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Proof: Let A  be a bipolar vague open set in ),( BVZ . Since 1  is a generalized bipolar vague continuous mapping, )(1
1 A

is a generalized bipolar vague open set in ),( BVY . Since   is a generalized bipolar vague irresolute mapping, ))(( 1
1

1 A 

is a generalized bipolar open set in ),( BVX . Thus,  1  is a generalized bipolar vague continuous mapping. 
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